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A SIMPLE METHOD TO EXTRACT ZEROS OF CERTAIN
EISENSTEIN SERIES OF SMALL LEVEL
ARADHITA CHATTOPADHYAYA
Abstract. This paper provides a simple method to extract the zeros of some
weight two Eisenstein series of level N where N = 2, 3, 5 and 7. The method
is based on the observation that these Eisenstein series are integral over the
graded algebra of modular forms on SL(2, Z) and their zeros are ‘controlled’
by those of E4 and E6 in the fundamental domain of Γ0(N).
1. Introduction
In the work of Rankin and Swinnerton-Dyer [RSD] the location of zeros of all
Eisenstein series Ek (of weight k ≥ 4, even) of full modular group SL2(Z) had been
determined. In the fundamental domain this was found to be always on the arc
|τ | = 1, with 2π/3 ≥ arg(τ) ≥ π/2. The method has been generalized to Fricke
groups in recent works of [SJ] and to the subgroups of SL2(Z) in [GSLT, GS]. The
zeros of weight two Eisenstein series E2(q) were studied by [RW], [BS]. In this work
we shall find the zeros of Eisenstein series E˜N
1 which are holomorphic modular
forms of weight 2 of Γ0(N) defined as
E˜N (τ) :=
1
N − 1
(NE2(Nτ)− E2(τ)), (1.1)
where E2(τ) is the quasimodular Eisenstein series defined by,
E2(τ) := 1− 24
∞∑
n=1
σ1(n)q
n, q = e2πiτ , (1.2)
with σ1(n) being the sum over all the divisors of n.
The method which we present is quite different from that of [RSD], however
can only be applied for N = 2, 3, 5, 7. Our main observation is that E˜N is integral
over the graded algebra
M(SL2(Z)) =
⊕
k≥0
Mk(SL2(Z)) = C[E4, E6].
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1In general E˜N is defined as negative of what it is defined here in (1.1)
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with E4, E6 being the Eisenstein series of weight 4 and 6 defined as,
E4(τ) := 1 + 240
∞∑
n=1
σ3(n)q
n, (1.3)
E6(τ) := 1− 504
∞∑
n=1
σ5(n)q
n, (1.4)
where q = e2πiτ , τ ∈ H.
Let us denote the fundamental domain for Γ0(N) by FN . For N = 2, 3, 5, 7 the
zeros of E˜N are ‘controlled’ (2) by those of E4 and E6 in FN .
We now state the main result of our paper which would be proved in section 3 .
Theorem 1. All the zeros of E˜N (τ) in the fundamental domain of Γ0(N) lie as
follows:
N 2 3 5 7
τ − 1i+1 −
1
e2pii/3+2
− 1i+2 , −
1
e2pii/3+3
,
− 1i+3 −
1
e2pii/3+5
Table 1. Zeros of E˜N (τ) for N = 2, 3, 5, 7.
Before we move into the proof of the theorem we shall first provide a brief
description where these modular forms occur in the context of string theory in
physics.
Physics Motivation
Partition functions defined in string theory are generally related to modular
functions. One such partition function defined over a K3 manifold is elliptic genus.
F (τ, z) = TrRR
[
(−1)FK3+F¯K3e2πizFK3qL0−
c
24 q¯L¯0−
c¯
24
]
, (1.5)
=
1∑
b=0
∑
j∈2Z+b, n∈Z
cb(4n− j
2)e2πinτ+2πijz .
The trace in the above equation is taken over the Ramond-Ramond sector of the
N = (4, 4) super conformal field theory ofK3 with central charge (6, 6) and F refers
to the Fermion number, L0 and L¯0 are the scaling operators in the left moving and
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right moving CFTs. The result of the above trace can be given by a weak Jacobi
form of index 1 and weight 0 [EOTY].
F (τ, z) = 8A(τ, z) = 8
(
θ22(τ, z)
θ22(τ, 0)
+
θ23(τ, z)
θ23(τ, 0)
+
θ24(τ, z)
θ24(τ, 0)
)
. (1.6)
Here θi(τ, z) are Jacobi theta functions.
There are symplectic automorphisms of K3 related to the conjugacy classes of
Mathieu group M24 and we can define a partition function similar to the elliptic
genus for these orbifolds of K3 called ”twisted elliptic genus” of K3. This is defined
as
F (r,s)(τ, z) =
1
N
TrRR g′r
[
(−1)FK3+F¯K3g′se2πizFK3qL0−
c
24 q¯L¯0−
c¯
24
]
, (1.7)
=
1∑
b=0
∑
j∈2Z+b, n∈Z/N
c
(r,s)
b (4n− j
2)e2πinτ+2πijz .
0 ≤ r, s ≤ N − 1.
In particular if N = 2, 3, 5, 7 we can write the twisted elliptic genus of K3 as follows
[DJS, DJS1]:
F (0,0)(τ, z) =
8
N
A(τ, z), (1.8)
F (0,s)(τ, z) =
8
N(N + 1)
A(τ, z)−
2
N + 1
B(τ, z)E˜N (τ), for 1 ≤ s ≤ (N − 1),
F (r,rk) =
8
N(N + 1)
A(τ, z) +
2
N(N + 1)
E˜N
(
τ + k
N
)
B(τ, z),
for 1 ≤ r ≤ (N − 1), 1 ≤ k ≤ (N − 1)
where B(τ, z) =
θ2
1
(τ,z)
η6(τ) . B(τ, z) is a weak Jacobi form of weight −2 and index 1.
This quantity twisted elliptic genus is an ingredient in computing the statistical
entropy of black holes inN = 4 type IIA/B string theory in 4 space-time dimensions
[DJS, DVV].
Another instance where these modular functions E˜N is observed is in the con-
text of computing new supersymmetric index in heterotic strings [HM, CCL, SS].
compactified on order N orbifolds of K3× T 2 and E8 × E8. This is defined by
Znew(q, q¯) =
1
η2(τ)
TrR
(
FeiπF qL0−
c
24 q¯L¯0−
c¯
24
)
. (1.9)
Here the trace is performed over the Ramond sector in the internal CFT with
central charges (c, c¯) = (22, 9). F refers to the world sheet fermion number of the
right moving N = 2 supersymmetric internal CFT. For a general embedding in
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case of an order 2 orbifold of K3 the new super-symmetric index can be given by,
Znew = −
1
η24
{
2Γ
(0,0)
2,2 E4E6 (1.10)
+Γ
(0,1)
2,2
[
(E6 + 2E˜2(τ)E4)
(
bˆE˜22(τ) + (
2
3
− bˆ)E4
)]
+Γ
(1,0)
2,2

(E6 − E˜2(τ
2
)E4
)(
bˆ
4
E˜22 (
τ
2
) + (
2
3
− bˆ)E4
)

+Γ
(1,1)
2,2

(E6 − E˜2(τ + 1
2
)E4
)(
bˆ
4
E˜22 (
τ + 1
2
) + (
2
3
− bˆ)E4
)


 .
where Γ
(r,s)
2,2 is a lattice sum depending on the moduli of the torus T
2 in the heterotic
theory and bˆ is a rational number. Similarly for other orbifolds of K3 one can still
write the Znew in terms of Eisenstein series of SL(2,Z) and Γ0(N) [CD]. This index
is used to calculate the gauge and gravitational coupling corrections in heterotic
strings which predicts the existence of different Calabi Yau 3-folds using heterotic-
type II string duality [CD1].
2. Notations and Preliminaries
For k ≥ 2, even we denote the space of all modular forms on SL(2,Z) by Mk
and the space of all cusp forms on SL(2,Z) by Sk and the space of all modular forms
on Γ0(N) by Mk(Γ0(N)) and the space of all cusp forms on Γ0(N) by Sk(Γ0(N)).
Let f(z) be a holomorphic function in the upper half plane and γ =
(
a b
c d
)
∈
GL2(Q) then
f |kγ = det(γ)
k/2(cz + d)−kf(
az + b
cz + d
).
With ωN :=
(
0 −1
N 0
)
denoting the usual Fricke involution onMk, one can readily
verify the fact that E˜N |2 ωN = −E˜N .
Let FΓ be the fundamental domain (see [TMA] for more details and definition) of
Γ := SL2(Z) given by the region in the upper half plane such as τ = x + iy where
−1/2 ≤ x < 1/2 and x2 + y2 ≥ 1, then FN , the fundamental domain for Γ0(N) for
a prime N can be given as [TMA]
FN = FΓ ∪
⋃N−1
k=0
ST k(FΓ), (2.1)
where {{ST s}N−1s=0 ∪ Id} is a set of coset representatives of Γ0(N) in Γ.
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The valence formula: Let f 6= 0 be a modular form of weight k ≥ 2, even in
SL(2,Z), vp(f) is the order of the zero of f at point p ∈ FΓ and ρ = e2πi/3 then
the valence formula gives,
v∞(f) +
1
2
vi(f) +
1
3
vρ(f) +
∑
p∈Γ,p6=i,ρ
vp =
k
12
. (2.2)
From the above valence formula one obtains that in the fundamental domain of
the full modular group the only zeros of E4 and E6 lie at τ = e
2πi/3 and τ = i
respectively.
E6(i) = 0, E4(e
2πi/3) = 0. (2.3)
3. Proof of Theorem 1
We shall begin this section with the following lemmas regarding the zeros of
Eisenstein series which are essential to prove the Theorem 1.
Lemma 1. If τ ∈ FN and E6(τ) = 0 then either τ = i or τ =
−1
i+s . Similarly if
τ ∈ FN and E4(τ) = 0 then either τ = e2πi/3 or τ =
−1
e2pii/3+s
where 0 ≤ s ≤ N − 1
and these are the only possible zeros of E4 and E6 in FN .
Proof. The lemma follows from the expression of fundamental domain FN (2.1) and
the zeros of E4 and E6 in FΓ.
Lemma 2. There exists a polynomial expression for N = 2, 3, 5, 7
(E˜N (τ))
N+1 =
N−1∑
i=0
ai(E˜N (τ))
imN+1−i(τ),
where ai are constants and mN+1−i ∈M2(N+1−i)(SL2(Z)). These polynomials are
given by,
E˜2(τ)
3 =
1
4
E6(τ) +
3
4
E4E˜2(τ), (3.1)
E˜3(τ)
4 =
1
27
E24(τ) +
8
27
E6(τ)E˜3(τ) +
2
3
E˜3(τ)
2E4(τ), (3.2)
E˜5(τ)
6 =
1
3125
E26(τ) +
24
3125
E6E4E˜5(τ) +
9
125
E24E˜5(τ)
2 +
8
25
E6
E˜5(τ)
3 +
3
5
E˜5(τ)
4E4(τ), (3.3)
E˜7(τ)
8 =
1
77
E44 +
48
77
E24E6E˜7 +
(
64
64827
E26 +
92
453789
E34
)
E˜27 +
32
2401
E4E6E˜
3
7
+
30
2401
E24E˜
4
7 +
16
49
E6E˜
5
7 +
4
7
E˜67E4. (3.4)
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Proof. Considering the q expansion of both sides of the above equations upto
Strum’s bound the lemma follows. The program zeros.nb is given with this paper
[?] for reference.
Proof of Theorem 1 : From Lemma 1 we know the location of all zeros of E4
and E6 in FN . Let us denote these sets of zeros in FN as L4,N and L6,N respectively.
Also let us denote the set of all zeros of E˜N in FN as L˜N . From Lemma 2 we observe
that
L˜2 ⊆ L6,2, L˜3 ⊆ L4,3, L˜5 ⊆ L6,5, L˜7 ⊆ L4,7.
Let us chose an element ω4,N from L4,N for N = 3, 7 and ω6,N from L6,N for
N = 2, 5. Now we re-write the resulting polynomial equations (3.1)−(3.4) as a
product of two factors as follows:
E˜2(ω6,2)
(
E˜2(ω6,2)
2 −
3
4
E4(ω6,2)
)
= 0, (3.5)
E˜3(ω4,3)
(
E˜3(ω4,3)
3 −
8
27
E6(ω4,3)
)
= 0, (3.6)
E˜5(ω6,5)
2
(
E˜5(ω6,5)
4 −
3
5
E˜5(ω6,5)
2E4(ω6,5)−
9
125
E4(ω6,5)
2
)
= 0, (3.7)
E˜27(ω4,7)
(
E˜7(ω4,7)
6 −
16
49
E6(ω4,7)E˜7(ω4,7)
3 −
64
64827
E6(ω4,7)
2
)
= 0. (3.8)
Since the right hand side of the above set of equations are zero so at least one of
these factors must be zero. Now we need to check the numerical values of these
factors to determine the location of zeros of E˜N in FN .
So we estimate the bounds of E˜N (ω), where ω = ω6,N forN = 2, 5 and ω = ω4,N
for N = 3, 7. We write the q expansion of E˜N as follows:
E˜N (τ) =
m∑
n=0
anq
n +
∞∑
n=m+1
anq
n =
m∑
n=0
anq
n +R(m, q).
Now we have,
|R(m, q)| = |
∞∑
n=m+1
an(x+ iy)
n| ≤
∞∑
n=m+1
|an|(|x|+ |y|)
n (3.9)
≤
∞∑
n=m+1
bn(|x| + |y|)
n <
∞∑
n=m+1
bn(|x| + |y|+ ǫ)
n
where, bn = (N + 1)n(n+ 1)/2 > (N + 1)σ1(n) > |an|, q = x+ iy, ǫ > 0.
2
2ǫ is needed to approximate |x| and |y| in the computer program. Also
∑m
n=1 anq
n is done up
to machine precision.
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Note that our choice of bn is such that
∑∞
n=m+1 bn(|x|+ |y|+ ǫ)
n can be estimated
exactly in terms of |x|+ |y|+ ǫ and m. Also note that
∑∞
n=m+1 bn(|x|+ |y|+ ǫ)
n is
convergent only if |x|+ |y|+ ǫ < 1.
In the region |x|+ |y|+ ǫ < 1 we estimate the numerical value of E˜N (ω) up to first
m + 1 terms in the q expansion and using equation (3.9) we estimate the upper-
bound of |R(m, q)| in FN . From this we have estimated an upper bound of E˜N (ω)
for the values of ω as ω = τ as in table 1) and lower bound of |E˜N (ω)| for the rest
of the values of ω ∈ L4,N for N = 3, 7 and ω ∈ L6,N for N = 2, 5 (see table 2 in the
appendix for reference).
However if |x|+ |y| ≥ 1 (or close to 1) 3 we use the following results
E˜N (
τ + s
N
) = E˜N (
τ + s−N
N
), (3.10)
E˜N (−
1
τ + s
) = −
(τ + s)2
N
E˜N (
τ + s
N
),
which is true for any k ∈ Z. This implies that
E˜N (−
1
τ + s−N
) =
(τ + s−N)2
(τ + s)2
E˜N (−
1
τ + s
), (3.11)
where 0 ≤ s ≤ N − 1. Putting ω = − 1τ+s in (3.11) we have,
E˜N (
1
1/ω +N
) = (1/ω +N)2ω2E˜N (ω). (3.12)
Note that if τ ∈ FΓ, then for 0 ≤ s ≤ N − 1, we have
−1
τ+s ∈ FN and
−1
τ+s−N /∈ FN .
So if ω = ω4,N for N = 3, 7 and ω = ω6,N for N = 2, 5 then the equation (3.12)
implies that there is a relation between the value of E˜N at a point outside L4,N
(respectively L6,N ) and a point inside L4,N (respectively L6,N ). So at the point
τ = 11/ω+N where |ℜ(e
2πiτ )| + |ℑ(e2πiτ )| < 1 (and not very close to 1) we repeat
the process as before. Thus we can estimate the bounds of |E˜N (τ)| which in turn
puts the bounds on |E˜N (ω)| (numerical estimates can be found in table 2).
Estimates: Now we shall list the estimates of |E˜N (ω)| upto qm terms in the ex-
pansion of E˜N (ω) where ω ∈ L4,N for N = 3, 7 and ω ∈ L6,N for N = 2, 5.
3This happens at ω ∈ L6,5 at ω =
−1
i+4
and ω ∈ L4,7 at ω =
−1
e2pii/3+5
, −1
e2pii/3+6
. At these
points we can evaluate the result at ω = −1
i−1
, −1
e2pii/3−2
, −1
e2pii/3−1
respectively. These results can
be related back to the fundamental domain points using equation (3.11).
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N ω |E˜N (ω)| R>(100, q)
2 i 1.0449 10−269
−1
i+1 0.0 10
−132
3 e2πi/3 0.948674 10−226
−1
e2pii/3+2
3.14185× 10−77 10−73
5 i 1.01127 10−269
−1
i+1 0.77254
−1
i+2 2.96211× 10
−53 10−33
−1
i+3 1.65345× 10
−25 10−12
−1
i−1 0.77254 10
−269
7 e2πi/3 0.98289 10−226
−1
e2pii/3+2
0.615423 10−73
−1
e2pii/3+3
2.63251× 10−32 10−16
−1
e2pii/3+4
2.66684 10−7
−1
e2pii/3−2
−2.63251× 10−32 10−12
−1
e2pii/3−1
0.615423 10−73
Table 2. Numerical estimates of |E˜N (ω)| upto q100 terms in the
expansion of E˜N (ω) using machine precision up to 1000 digits in
Mathematica and R>(100, q) is an upper bound on the remainder
term R(100, q)
For m = 100 in all the above cases |R(m, q)| < 10−7. Using these bounds we
get an upper bound of |E˜N (ω)| for ω = τ as in table 1 which can be given by
10−7 < 10−2 so the second factors in equations (3.5) to (3.8) can not be zero at
these points, so E˜N (ω) = 0. We also obtain the lower bound of |E˜N (ω)| for rest of
the points in L4,N for N = 3, 7 and L6,N for N = 2, 5 and the bound is > 10
−2,
this shows that E˜N 6= 0 at those points. So the only points in L˜N are the ones
mentioned in table 1. For detailed calculations used above see the mathematica file
zeros.nb attached with the paper.
Thus we obtain the points where E˜N can be zero. Now to prove that these are the
only zeros of E˜N in FN as given in table 1 we must check that at these points the
second factor will not become zero. We shall do this as follows:
From the definition of E4 and E6 [(1.3) and (1.4)] we see that E4(i) > 1 and
E6(e
2πi/3) > 1. Hence, from the modular transformation properties of E4 and E6
|E4(ω6,2)| > 1, |E4(ω6,5)| > 1 and |E6(ω4,2)| > 1, |E6(ω4,7)| > 1. So one can
easily see that the second factor in equations (3.5) to (3.8) can only become zero if
|E˜N (τ)| > 10−2. So when the second factor would be zero that would never give a
zero of E˜N (ω) and vice versa. Now from the positive bounds of |E˜N | (see the table
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2) we find all the zeros of E˜N (ω) which are given as:
E˜2
(
−1
i+ 1
)
= 0, (3.13)
E˜3
(
−1
e2πi/3 + 2
)
= 0,
E˜5
(
−1
i+ 2
)
= E˜5
(
−1
i+ 3
)
= 0,
E˜7
(
−1
e2πi/3 + 3
)
= E˜7
(
−1
e2πi/3 + 5
)
= 0.
So these are the only possible zeros of E˜N in FN . This completes the proof of
Theorem 1 .
Remarks
(1) The cusps of Γ0(N) are 0 and i∞ for prime N . However from the q expan-
sions it is obvious that E˜N (i∞) = 1. Also using Fricke involutions one can
see that
lim
ǫ→0
E˜N (
−1
iǫ
) = lim
ǫ→0
(−(iǫ)2)
N
E˜N (
iǫ
N
),
so E˜N is non-zero at the cusps. So the only possible zeros of E˜N are at
equations (3.13) in the fundamental domain FN .
(2) This method does not easily generalize to E˜11 (or higher prime numbers)
because of the presence of cusp forms of weight 2 in Γ0(11). Also it doesn’t
easily generalize to composite numbers. However using moonshine symme-
try the twisted elliptic genus of K3 is known to exist for all 26 conjugacy
classes of M24 where higher N Eisenstein series are present [GHV, EH].
(3) One may try to generalize the method to different types of modular func-
tions where there is a possibility of finding a polynomial relation in terms
of modular functions whose zeros are known.
(4) The equation (3.1) was used in finding the twisted elliptic genus, new su-
persymmetric index and gauge threshold corrections at one loop for the
non-standard embedding of heterotic string compactified on K3×T 2 where
the K3 was orbifolded with a Z2 automorphism corresponding to the 2A
conjugacy class of Mathieu group M24 and a 1/2 shift on one of the circles
of T 2 [CD].
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